An accurate equation of state (EOS) is determined for the high-pressure orthorhombic phase of boron, B 28 , experimentally as well as from ab initio calculations. The unique feature of our experiment is that it is carried out on the single crystal of B 28 . In theory, we take into consideration the lattice vibrations, often neglected in first-principles simulations. We show that the phonon contribution has a profound effect on the EOS of B 28 , giving rise to anomalously low values of the pressure derivative of the bulk modulus and greatly improving the agreement between theory and experiment. Boron is a unique element of the Periodic Table with very unusual structural and physical properties. It is situated at the borderline between metallic and nonmetallic elements. At ambient conditions, boron is a semiconducting element and exhibits unique crystal structures based on icosahedral entities, which are linked together in a variety of ways. A general theory of the structural behavior of boron and other elements in the 13th group of the Periodic Table under pressure, following from the tendency to optimize the sp hybridization, has been developed in Ref. 1 , where a phase transformation into the α-Ga structure accompanied by a nonmetal-metal transition at a pressure of about 74 GPa has been predicted. 1 Boron has been subjected to extensive high-pressure research. [2] [3] [4] [5] In particular, the lattice dynamics and superconductivity of different boron phases were studied in Refs. 6-10. Recently, another highpressure phase of boron has attracted substantial attention. In fact, already in 1965, Wentorf 11 reported the synthesis of a new boron form at pressures above 10 GPa and temperatures above 1500
• C. The existence of this material was not confirmed until recently. [12] [13] [14] High-pressure boron has orthorhombic symmetry, and its unit cell contains 28 atoms (B 28 ). The properties of B 28 are rather remarkable. It is a wide-band-gap semiconductor that is superhard and has low compressibility. Indeed, the measured Vickers microhardness 58(5) GPa of the orthorhombic boron phase in an asymptotic-hardness region (load up to 10 N) is in the range of polycrystalline cubic boron nitride and makes B 28 the second hardest elemental solid after diamond. 15 An experimental equation of state (EOS) for the B 28 phase has been obtained in Refs. 15 and 16. The results of ab initio calculations of the EOS have also been reported. 14, 15, 17 While there is generally a reasonable agreement among these results, which are summarized in Table I , certain inconsistencies should be pointed out. In particular, theoretical volumes obtained by different groups agree very well with each other, but they underestimate the experimental values by about 2%, despite the use in the calculations of the generalized gradient approximation (GGA), which usually overestimates cell volumes. Also, theoretical values of B for B 28 considerably overestimate the experimental results, which are quite low in the orthorhombic phase of B. Here we would like to emphasize that there are certain concerns regarding both the theoretical and experimental results on the EOS of B 28 reported in the literature. For instance, one could note that Le Godec et al.. 16 did not report the equilibrium volume, V 0 , measured in the same experiment, which is essential for an accurate EOS determination. Moreover, the diffraction pattern shown in Ref. 16 contains numerous unidentified reflections, suggesting that the samples may not be pure, and the samples were not annealed on compression. At the same time, all theoretical EOS's were obtained from the static total energy calculations, and therefore do not include any effects of the lattice vibrations.
In this paper, we report the results of a combined theoretical and experimental study of the EOS of B 28 . The unique feature of our experiment is that it is carried out on the single crystal of B 28 compressed to about 40 GPa in a helium pressure-transmitting medium. Our theoretical simulations explicitly account for the lattice vibrations and show that the lattice dynamics has a profound and qualitative influence on the theoretically calculated EOS of B. We calculate the phonon-dispersion relations in the orthorhombic phase of boron at ambient as well as at high pressures, and we show that adding vibrational energies improves considerably the agreement between experimental and theoretical volumes, increases the calculated bulk modulus, and strongly weakens its variation with pressure in the low-pressure interval.
Single crystals and polycrystalline aggregates of B 28 were grown as described in our previous publications. 18 In two different runs, the sample was clamped between diamond anvils with culets of 300 or 250 μm in diameter. Steel gaskets were indented to a thickness of about 50 μm, and holes with a diameter of 100 or 80 μm were drilled in the center. As a pressure-transmitting medium, He was loaded at 1.4 kbar. A The static total energy calculations were performed in the framework of the density functional theory. 19 To calculate the phonon-dispersion relations in B 28 , we used the linearresponse method implemented in the quantum ESPRESSO code. 20 Electron-ion interactions were described by means of the ultrasoft pseudopotential 21 with the valence electron configuration 2s 2 2p 1 , and the exchange-correlation effects have been treated in the framework of the GGA. 22 Electron wave functions were expanded over plane waves with a kinetic energy up to 30 Ry, and plane waves with a kinetic energy up to 450 Ry were used to describe the augmented charge. Integration over the Brillouin zone (BZ) was performed using an 8 × 6 × 4 k-mesh grid, the self-consistent threshold was accepted as 10 −10 Ry, and for phonon calculations it was 10 −16 Ry. Atomic positions and the cell volume were optimized by means of a damped Wentzcovitch algorithm. 23 Residual forces acting on individual atoms were less than 2 × 10 −4 Ry/a.u. Phonon-dispersion relations and density of states (DOS) were calculated using a real-space force-constant matrix obtained via fast Fourier transformation of eight dynamical matrices. Phonon DOS and zero-point vibration energies were calculated using the quasiharmonic (QHA) code 24 and about 300 k points in the BZ. Then the Helmholtz free energy was calculated as
to find temperature-dependent cell volumes. The reliability of the method has been well established, e.g., in studies of the phase transitions in FeH (Ref. 25) or the stability of α and β phases of boron.
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A volume correction due to the zero-point motion contribution to the free energy, F(0) = (1/2) nkh ω nk , in the low-temperature limit is V = (1/2B) nkh ω nk γ nk , where V is the correction to the equilibrium volume V 0 , γ nk is the mode Grüneisen parameter, ω nk stands for a mode frequency at a given k point in the irreducible Brillouin zone, and B is the bulk modulus at zero pressure. Using an averaged value for the Grüneisen parameter γ , we obtain V = γ F(0)/B. We have calculated the Grüneisen parameter via the relation (V)/ (V 0 ) = (V 0 /V ) γ and averaging the mode Grüneisen parameter γ nk over the Brillouin zone,
where Table I . Fitting of the pressure-volume (P-V) data with the Birch-Murnaghan EOS (Ref. 27 ) gives values of B(300 K) = 237(5) GPa and B = 2.5(2), confirming results obtained earlier in powder x-ray diffraction experiments in a neon pressure medium. 15 It means that a relatively low B value of the B 28 phase is robust and confirmed by independent measurements.
We now turn to our theoretical results. To establish a consistency between our approach and earlier theoretical calculations, 14, 15, 17 we first determined the ground-state parameters of the B 28 phase from the static total energy calculations using the volume-energy set (with relaxed atomic positions at a given volume) in the pressure range up to 40 GPa. The equilibrium volume V 0 was found to be 195.43Å 3 , the bulk modulus (B) 225 GPa, and its pressure derivative (B ) 3.26. They compare well to earlier theoretical results (see Table I ). Calculated phonon-dispersion relations for B 28 reveal its dynamical stability at all volumes considered in this study, corresponding to the pressure range up to 40 GPa. This is illustrated in Fig. 1 by the phonon spectra calculated at the static theoretical equilibrium volume, 195.43Å 3 [ Fig. 1(a)] and at a volume of 169.74Å 3 [corresponding to pressure ∼40 GPa, Fig. 1(b) ]. Both calculations do not show any softening of acoustic modes. Our calculated phonon-dispersion relations for B 28 at ambient conditions are in good agreement with those provided in the supplementary information for Ref.
14. The main difference between our phonon DOS and the one from Ref. 14 is the lack of a small gap around 1100 cm −1 in our calculations and a more smooth phonon DOS in Ref. 14, which likely comes from different integration methods used. Certain peculiarities can be observed in the behavior of the phonon spectrum. In particular, one should note almost constant lower-lying modes along the X-S-Y direction [ Fig. 1(a) ]. Phonon modes with frequencies around 850 and 920 cm −1 are almost dispersionless. The highest three optical modes are Einstein-like ones and the last mode is related to bond-stretching vibrations of two B3-type (Wyckoff position 4g, see Table I in Ref. 15 ) boron atoms located on the fivefold rotation axis of an icosahedra shell.
The calculated phonon DOS was used to obtain the contribution from the lattice vibration to the Helmholtz free energy, which in turn allowed us to obtain the theoretical EOS of B 28 including the zero-point motion and finite-temperature effects. 24 This is compared to our new experimental data in Fig. 2 , where the EOS from the static total energy calculations and experimental data from the literature are also presented for completeness. One can see that at any pressure, theoretical volumes obtained by means of the static total energy calculations are lower than the experimental ones. However, the disagreement is almost completely eliminated if the phonon contribution to the free energy is included. In particular, the calculated equilibrium volume obtained from the free energy at temperature 300 K, 197.54Å 3 , is in excellent agreement with the experimental value 198.1(3)Å 3 . We note here that most of Theory, this work, 300K Theory, this work, 0K Exp., single crystal, this work Theory, static lattice Exp., powder in Ne, Ref. [15] Exp., polycrystal, Ref. [16] FIG the effect comes from the inclusion of the zero-point motion (see Fig. 2 ). This is a remarkable result, as it is often assumed that this contribution can be safely neglected in theoretical calculations of the EOS. Here we demonstrate that in light elements like boron, this common belief is clearly incorrect. We note also that an incorrectly defined theoretical volume would yield a pressure error of about several GPa on the theoretical EOS.
We have also made a theoretical estimation to justify the validity of results obtained in our direct first-principles conclusions. For this purpose, a volume correction due to the zero-point motion contribution to the free energy was found using the averaged Grüneisen parameter γ by means of the Debye theory and integrating mode Grüneisen parameters γ nk over the Brillouin zone. The averaged value of the Grüneisen parameter, obtained by both methods, turned out to be 1.01, i.e., the Debye model works fine for B 28 at low temperatures (from the phonon calculations, we found the Debye temperature for B 28 to be 1250 K). We note that the linear dependence of the zero-point motion contribution to the free energy on the cell volume, used in Ref. 28 , is incorrect, as this would mean a negative value of the Grüneisen parameter. Using the calculated Grüneisen parameter (γ = 1.01), the zero-point vibration energy at P = 0 GPa (∼0.245 Ry/cell), and the bulk modulus from static total energy calculations (225 GPa), we obtain the volume correction, V ≈ 2. To illuminate the qualitative influence of the lattice vibrations on the EOS of B 28 , we note that the EOS in the considered pressure range is anomalously linear (though a small deviation from the linear behavior does occur). This is in full accordance with our experimental results, also shown in Fig. 2 . On the contrary, the EOS from the static total energy calculations in the same pressure range shows more conventional behavior with considerable deviations from the linear dependence. Consequently, the peculiar behavior of the EOS is reflected in the bulk modulus and its pressure derivative B for B 28 . The calculated bulk modulus, 241 GPa, is slightly larger than the value 227 GPa from Ref. 15 , and it agrees quite well with the experimental value of 237.5 GPa obtained in this work and by Le Godec et al. 16 More importantly, it increases upon the inclusion of the lattice vibrations in the simulations. Moreover, in agreement with the anomalously linear behavior of the EOS, the calculated B , 2.34, decreases greatly in comparison with the value 3.26 obtained in static calculations, and attains very good agreement with the experimental value 2.5 obtained for the single crystal of B 28 in this work, as well as with the value 2.2 obtained earlier in Ref. 15 . In addition, we have calculated B using different forms of the EOS, the Murnaghan, the natural strain, and the universal EOS, as they are implemented in the EOS code of the Elk project. 29 We have found that the results are very similar, within ∼10%, to B values 3.26 and 2.34 for the static EOS and the EOS at 300 K, respectively, obtained using the third-order Birch-Murnaghan fitting. 27 Therefore, the reduction of B upon the inclusion of lattice vibrations in the simulations is a real physical effect, which does not depend on the form of EOS used to fit the data. We would like to note that the observed anomalous pressure-volume relation for the B 28 phase in the low-pressure interval indicates that any experimental investigation of this phase of boron should have a good sampling of experimental points between 0 and 40 GPa.
In summary, we have performed accurate measurements and ab initio calculations of the EOS for the B 28 phase up to 40 GPa including the effect of lattice vibrations, and we determined its ground-state parameters (volume, bulk modulus, and its pressure derivative). Considering the free energy rather than the static total energy in our theory substantially improves agreement with experiment. In particular, properly accounting for the phonon contribution, we obtain a higher value for the theoretical equilibrium volume and we observe anomalously linear pressure-volume relations in our calculations. This leads to a substantially reduced value of B in the low-pressure range (<40 GPa) and resolves the disagreement between earlier theoretical calculations and experiment. We conclude that the ground-state parameters of B 28 are strongly affected by atomic vibrations, an effect that is often neglected in theoretical simulations. In general, our results indicate that vibrational effects should be included in theoretical calculations of the EOS for solids, at least in cases of light elements.
